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In Aharonov-Bohm (AB) rings with a quantum dot
embedded in one arm, the Fano resonance has been ob-
served recently.1) In previous works, the AB oscillation
was reported in such systems, as a function of magnetic
flux enclosed in the ring.2, 3) The AB oscillation is caused
by the interference between the electronic wave passing
through one arm and that through the other, as in a
double-slit interferometer. Compared with the AB oscil-
lation, the higher-order interference effect between the
two paths (a discrete level ε0 in the quantum dot and
a continuum of states in the other arm) results in the
Fano resonance.4) The conductance shows an asymmet-
ric shape of the resonance, G ∝ (e + q)2/(e2 + 1), with
e = (ε − ε0)/Γ, where ε is the energy of an incident
electron (Fermi energy) and Γ is the line broadening.
The Fano resonance observed in the quantum-dot sys-
tems shows unique characters.1) (i) With increasing
magnetic flux, an asymmetric resonance-shape with neg-
ative q changes to that with positive q, via a symmetric
resonance-shape. (ii) Around the center of resonance, the
“phase” seems to change continuously in two-terminal
set-ups, although the phase jumps by pi in the AB oscil-
lation observed by the two-terminal measurement.2) (iii)
The Fano resonance is observable only when the high co-
herence is kept in the whole system. These properties
have not been fully understood in spite of several theo-
retical works including the electron-electron interaction
in quantum dots.5–7) In this short note, we examine two
models of non-interacting electrons. The merit of model
(a) in Fig. 1 is to obtain an exact expression for the res-
onance as a function of magnetic flux. The calculated
results clearly explain the experimental findings (i) and
(ii). Regarding (iii), we consider the dephasing effect on
the Fano resonance in model (b) by numerical calcula-
tions.
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Fig. 1. Two models we study for the transport properties of quan-
tum dots embedded in AB rings.
In model (a), the magnetic flux enclosed in the ring
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is taken into account by the phase factor φ of the direct
tunnel-coupling, W , between leads L and R. We obtain
the conductance in an analytical form. In the case of
single level (ε0) in the quantum dot, the conductance is
written as an extended Fano form,8)
G =
2e2
h
4λ2
(1 + λ2)2
|e+ q|2
e2 + 1
, (1)
with a complex parameter
q =
VLVR
V 2L + V
2
R
1 + λ2
λ
[
1− λ2
1 + λ2
cosφ− i sinφ
]
. (2)
Here, λ = piνW and e = (ε − ε˜0(φ))/Γ˜, where ν
is the density of states in the leads, ε˜0(φ) = ε0 −
λ
1+λ2 (2piνVLVR) cosφ and Γ˜ = Γ/(1 + λ
2) with Γ being
piν(V 2L + V
2
R). Parameter λ characterizes the strength
of direct transmission between the leads (0 ≤ λ ≤ 1).9)
Figure 2 (upper panel) shows G as a function of ε when
λ = 0.3. With increasing φ (magnetic flux in the ring),
an asymmetric line-shape of G (Req > 0 at φ = 0)
changes to symmetric (Req = 0 at φ = pi/2) and to
asymmetric (Req < 0 at φ = pi), in accordance with the
experimental results mentioned above.
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Fig. 2. The conductance (upper panel) and phase φmax (lower
panel), as functions of the Fermi energy ε, in model (a) with
single level (ε0 = 0). λ = 0.3. In the upper panel, the magnetic
flux is a, φ = 0; b, φ = pi/2; and c, φ = pi.
We define “phase” of the resonance as φmax, the value
of φ when G(φ) is maximal. As shown in Fig. 2 (lower
panel), φmax changes from pi to 0 rapidly but continu-
ously with increasing ε. Note that this does not con-
tradict the Onsager’s relation, G(φ) = G(−φ), in two-
terminal situations. In accordance with the relation, G
1
2 Short Note
in eq. (1) is a function of cosφ; G = F (cosφ). At the
maximum of G, F ′(cosφ) sin φ = 0. When the equation
of F ′(cosφ) = 0 has solutions, 0 < φmax < pi. Oth-
erwise φmax = 0 or pi, which is always the case of AB
oscillation.2)
For more than one level in model (a), the conduc-
tance can be expressed in terms of the Green’s func-
tions (Appendix). The conductance G(φ = 0) and φmax
are shown in Fig. 3, in the case of two levels with
VL,1 = VR,1 = VL,2 = ±VR,2. When VL,1/VR,1 and
VL,2/VR,2 are in phase, two Fano resonances are asym-
metric in the same direction. φmax changes continuously
by −pi at both the resonances. Between them, φmax
jumps by pi (phase lapse). When VL,1/VR,1 and VL,2/VR,2
are out-of-phase, the Fano resonances are asymmetric in
the opposite direction. φmax changes by −pi at one reso-
nance and by pi at the other resonance. In this case, no
phase lapse takes place.
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Fig. 3. The conductance G(φ = 0) and phase φmax, as functions
of the Fermi energy ε, in model (a) with two levels (ε1 = 0,
ε2 = 4Γ). λ = 0.3. (a) VL,1 = VR,1 = VL,2 = VR,2, whereas (b)
VL,1 = VR,1 = VL,2 = −VR,2.
Model (b) consists of one-dimensional perfect wires.
The quantum dot is formed between two δ-functions
(VLδ(x − xL), VRδ(x − xR)), the electrochemical poten-
tial of which is controlled by Vg. The ring is 1000A˚
in radius. The dot size is L = xR − xL = 1000A˚ and
VL,R = ~
2/(2m∗L) × 10, 15 (m∗ = 0.067m). The de-
phasing effect is taken into account on the upper arm
phenomenologically; a part (α) of the current loses the
phase information in virtual electrodes.10) We evaluate
the conductance numerically using the S-matrix method.
The calculated results with α = 1/2 are given in Fig. 4.
The conductance as a function of eVg shows an asym-
metric shape of resonance (solid line) or symmetric one
(dotted line), depending on the magnetic flux enclosed
in the ring.11) The amplitude of the resonance decreases
as the dephasing effect is enhanced (α is larger). The
Fano resonance is clearly observed even with α > 1/2,
which indicates the robustness of the resonance. This
seems against the experimental results and should be at-
tributable to the simplicity of the model, e.g. disregard-
ing the thickness of the wires.
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Fig. 4. The conductance as a function of eVg in model (b). The
energy levels are shifted by −eVg in the quantum dot, whereas
the Fermi level is fixed. The dephasing rate is α = 1/2. The
magnetic flux in the ring is Φ/(~/e) = 0 (solid line) and pi/2
(dotted line).
Appendix: Calculations of conductance in
model (a) with multilevel
The Green’s functions Gij(ε), with i and j being level
indices in the quantum dot, are given by∑
j
[(ε− εi)δij − Σij ]Gjk(ε) = δik, (A.1)
Σij =
1
1 + λ2
[
−ipiν(VL,iV
∗
L,j + VR,iV
∗
R,j)
−λpiν(e−iφVL,iV
∗
R,j + e
iφVR,iV
∗
L,j)
]
. (A.2)
The T -matrix between states in lead R and those in lead
L is
TR,L =
1
1 + λ2

Weiφ +∑
ij
Gij(ε)(We
iφΣji + VL,jV
∗
R,i)

 .
(A.3)
Finally the conductance is written as
G =
2e2
h
(2piν)2 |TR,L|
2
. (A.4)
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